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Using density-functional theory we compute the formation energies of vacancies  in the framework of
type I Ba8ZnxGe46−x−yy clathrates as a function of Zn substitutions. While resolving the contradiction on the
experimental reports on the relation between the concentration of Zn, x, and the number of framework vacancies,
y, our study confirms the observations that vacancies are destabilized with the increase in x: Up to three vacancies
per formula unit can be stabilized for 0  x < 6, while they are unstable for x  6. This behavior arises from the
lower formation energy of (charged) Zn substitution in the Ge framework as compared to a (charged) vacancy
creation. Finally our study reveals the stability of a high-temperature T phase Ba8Zn6Ge40 that has high electronic
carrier concentration, whereby the carriers also show high-T -induced variation effective for its thermoelectric
application.
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Type I inorganic clathrates are low-density cagelike struc-
tures of hosts H from group 14 that encapsulate guests G
generally from groups IA and IIA (cf. Fig. 1). They offer
ample opportunities to tune the electronic and vibrational
transport coefficients. In most cases, experimental [1–3] and
theoretical [4,5] efforts have mainly aimed at (a) understanding
and controlling the vibrational thermal conductivity induced
by filling with different guests [1] and (b) tuning the electronic
transport coefficients by substitutional doping in the host
framework [6]. In the latter case, the compounds G8SxH46−x
with their framework substituted by group VIII, IB, IIB, or IIIA
elements S (cf. Fig. 1) have attracted considerable interest
as potential candidates for thermoelectric power generation
[6–8]. In fact, a figure of merit (zT ) of ∼ 1.4 has been
achieved in Ba8Ga16Ge30 [9–11], which is to date reported to
be the highest among intermetallic clathrates [12]. However,
the presence of guests or framework substitution also leads
to unexpected structural changes, such as the formation of
vacancies  in the host framework of the clathrates [13–21].
Simple concepts such as the Zintl’s rule have been useful to
some extent to rationalize these effects [13,14]; however, the
exact understanding of the mechanisms and their impact on
the electronic and transport properties are largely unknown.
Recent theoretical study in K/Ba guests-filled Si/Ge clathrates
revealed that the occurrence of vacancies in these binary
clathrate phases is largely driven by the properties of the host
framework irrespective of the metal guests [22].
Prior to any framework substitution, a Ba-filled Ge clathrate
is found to have three framework vacancies per formula
unit (with chemical formula Ba8Ge433). The number of
framework vacancies is reported to vary with the type
and concentration of the substituted host [19,21,23,24]. The
Ba8ZnxGe46−x−yy series with the framework partially sub-
stituted by Zn was first synthesized by Kuhl et al. [19]. Based
on their x-ray diffraction study, they reported that the number
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of framework vacancies (y) decreases with the increase in Zn
substitution (x) following y = 4 − x/2. Later Alleno et al.
from their electron probe microanalysis arrived at a different
relation: y = 3.3 − 0.54x for 0  x < 6 and y = 0 for 6 
x  8 [24]. Apart from the exact relation between x and y, a
complete theoretical understanding of this variation and its
impact on the electronic structure of the compositions are
hitherto unknown. The composition Ba8Zn8Ge38 of the series
has shown thermoelectric potential with zT slightly lower
than Ba8Ga16Ge30 at 300 K [24]. Naturally the electronic,
vibrational, and transport properties of several members of
the Ba8ZnxGe46−x−yy series have been studied [25,26].
However, without prior knowledge of the structure and stability
of the whole series, the studies focused on the electronic and
vibrational transport properties of any particular member of
the series is not advantageous.
Identifying the actual number of vacancies at a given
concentration of Zn, understanding the mechanisms that
favor the vacancy formation at one concentration of Zn
but hinder it at the other, and revealing its interplay with
the electronic structure are thus important steps towards an
atomistic understanding of this material class and, hence, may
improve their thermoelectric application.
We address these open questions with first-principles cal-
culations using density-functional theory (DFT) [27,28]. All
calculations are performed with FHI-aims [29], an all-electron,
full potential electronic structure code that uses numeric, atom-
centered basis sets. For all compositions the atomic as well as
the geometric relaxations were performed using the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithm [30,31].
To ensure that our findings are not an artifact of the chosen
treatment for the exchange and correlation (XC), we have first
benchmarked the XC functionals, i.e., the local-density ap-
proximation (LDA [32]) and several variants of the generalized
gradient approximation [PBE [33], PBEsol [34], and RPBE
[35]] against the higher-level, computationally more involved
hybrid functional HSE06 [36], which incorporates a fraction
of exact exchange. We find that for the most vital processes
involved, i.e., substitution of a Zn atom in the framework or
the formation of the framework vacancy, the PBEsol functional
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FIG. 1. Crystal structure of type I G8H46 clathrates (space group
pm¯3n). Eight guest atoms are accommodated on the 2a and 6d sites
(violet). The vacancies and Zn/Ge atoms occupy the Wyckoff sites:
6c (yellow), 16i (green), and 24k (red).
(which is a modified PBE functional for solids) most closely
reproduces the results from the HSE06 functional. Therefore,
the results presented below are performed using PBEsol
functional. A more detailed discussion on the validation of
the choice of XC functionals is provided in the Supplemental
Material [37].
The formation energies are calculated using the total
energies of the diamond Ge (GeDia2 ), hexagonal-close-packed
Zn (Znhcp2 ), and the thermodynamically neighboring phase
BaGe2 [38] as the references for the atomic chemical potentials
Ef (x,y) = E(Ba8ZnxGe46−x−yy) − x2E
(
Znhcp2
)
− 30 − x − y
2
E
(
GeDia2
) − 8E(BaGe2). (1)
In the equation, the coefficients of the second, third, and
fourth terms on the right-hand side stoichiometrically balance
the number of Zn, Ge, and Ba atoms, respectively, in
Ba8ZnxGe46−x−yy .
The effect of temperature T on the Ef is incorporated by
adding the contributions stemming from the vibrational free
energies Fvib [39] and the configurational entropy SConf [40]
arising from arrangements of defects in the lattice [41]:
Ef(x,y,T ) = Ef(x,y) + Fvib(T ) − T SConf . (2)
The second term, Fvib(T ), is the free-energy contribution of
the individual compositions appearing in Eq. (1):
Fvib(T ) = F (Ba8ZnxGe46−x−yy) − x2F
(
Znhcp2
)
− 30 − x − y
2
F
(
GeDia2
) − 8F (BaGe2). (3)
Finally, the effect of external pressure P is included in the
Ef by subjecting each of the unit cells in Eq. (1) to external
hydrostatic pressure by including the stress tensor directly into
the Hamiltonian [42].
To determine the stable vacancy compositions as a function
of Zn substitutions in the Ge framework, we first identified the
energetically most favorable geometric configurations for the
compositions Ba8ZnxGe46−x−yy with concentration of Zn
x ∈ [0,10]. For this purpose, we adopted an iterative strategy:
Starting with the completely filled clathrate Ba8Ge46, we first
identified the most favorable sites for the Zn substitution
by scanning over all possible framework positions. For
subsequent Zn substitution, we retained the previous composi-
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FIG. 2. The formation energy Ef of Ba8ZnxGe46−x−yy
clathrates as a function of the number of Zn atoms, x, per formula unit.
The solid symbols ◦, , ♦, , and  correspond to the compositions
with numbers of vacancies y = 0, 1, 2, 3, and 4, respectively. The inset
shows the number of vacancies, y, in the most favorable compositions
as a function of x for 0  x  6.
tion and scanned over the rest of the available framework sites.
Analogously, with the identified composition Ba8ZnxGe46−x ,
we have stepwise taken out the Ge host atoms by scanning over
all the framework sites. For subsequent vacancy, we retained
the vacancy at the already-identified position and scanned
over the rest of the available framework sites. Eventually, we
calculated the formation energies of the phases using Eq. (1).
For the substitutions of the first six Zn atoms, the occupation
of 6c positions are found to be energetically more favorable
than that of the 16i and 24k positions. Following the complete
occupation of the 6c, the substitutions at the 16i and/or 24k
positions take place. The vacancies also show a preference
of the 6c positions as long as the Ge-occupied 6c positions
are available after the Zn substitutions. As shown in Fig. 2,
the number of vacancies, y, in the most stable composition
decreases with increase in x. In the Zn-deficient condition,
i.e., at x = 0, the most stable composition (Ba8Ge433) is
found to have three vacancies in the framework as observed
experimentally [17,43]. Our results show that vacancies are
present in compositions for 0 < x < 6, whereby y varies
differently as y = 4 − x/2 and y = 3.5 − x/2 for the even and
odd concentrations of x, respectively (cf. inset of Fig. 2). Thus,
our results show that the relation drawn by Kuhl et al. is exactly
valid for the compositions with x = 2,4 [19], while the relation
established by Alleno et al. is roughly followed by the compo-
sitions with x = 1,3,5 [24]. Framework vacancies are found to
be unstable for x  6. The low energy compositions at differ-
ent values of x form a convex hull, whereby Ba8Zn8Ge38 com-
prises the energy minimum as found experimentally [19,24].
To investigate whether the identified most favorable
clathrates at 0 K are also the most stable ones at finite tem-
perature T , we have computed their thermodynamic stability
using Eq. (2). We have first calculated the thermodynamic
stabilities of vacancies in Ba8ZnxGe46−x−yy for a given
x ∈ [0,8]. Four such cases are shown in Fig. 3(a). We find that
the most stable compositions at 0 K also retain their stabilities
at the T range of 0–1600 K for all x. Subsequently, we have
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FIG. 3. (a) Formation energy Ef of Ba8ZnxGe46−x−yy plotted
as a function of temperature T for vacancies y at a given
concentration of Zn substitution x in the framework. (b) Formation
energy comparison of the most stable compositions for x ∈ [0,8]
as a function of temperature T . The different compositions are
labeled [x,y] according to the concentration of Zn, x, and number of
vacancies, y, per formula unit. The inset shows the aerial perspective
of the Ef of the most stable phases plotted as a function of T and
pressure P .
compared the thermodynamic stabilities for each of the most
stable compositions for x ∈ [0,8] [cf. Fig. 3(b)]. Ba8Zn8Ge38
is found to be the most stable composition in the T range
0–450 K. Interestingly, we find that concentration of Zn in the
most stable composition decreases with increasing T . At T
range 480–830 K, Ba8Zn7Ge39 is found to be the most stable
phase. Ba8Zn6Ge40 is found to be the most favorable phase at
higher T (850–1350 K). Beyond this, the energetically adverse
composition Ba8Ge433 is found to be thermodynamically the
most favorable composition. The thermodynamic stabilities of
the most favorable compositions are also retained at finite P as
shown in the inset of Fig. 3(b). At higher pressure P (10 GPa),
the phase Ba8Zn6Ge40 is found to be stable over broad T range
(750–1500 K).
Microscopically the impact of the substituted Zn atom and/
or the framework vacancy on the stability of the compositions
can be analyzed by plotting the individual defect formation
energies [Ef(q) and Ef(Znq)] as a function of the electron
chemical potential μe [cf. Fig. 4(a)]. The single charged
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FIG. 4. The defect formation energies in the empty clathrate
framework as a function of the electron chemical potential μe for
charge states q: (a) Ef (q ) for a single vacancy  and (b) Ef (Znq )
for a single Zn atom substitution.
vacancy formation energy in the empty clathrate framework is
calculated using [44]
Ef(q) = E
(
Ge45q1
) − E(Ge46) +
E
(
GeDia2
)
2
+ q(μe + VBM + V ), (4)
in which E(Ge45q1) denotes the total energy of the host
framework with one vacancy at charge q, E(Ge46) is the one of
the pristine clathrate, and E(GeDia2 ) is the one of the diamond
phase. Furthermore, μe is the chemical potential relative to the
valence-band maximum (VBM) of the pristine clathrate, and
V accounts for the core level alignment between E(Ge45q1)
and E(Ge46).
Similarly, for a single Zn atom substitution in the frame-
work, the charged Zn formation energy can be calculated using
Ef(Znq) = E(ZnqGe45) − E(Ge46) +
E
(
GeDia2
)
2
− E
(
Znhcp2
)
2
+ q(μe + VBM + V ′), (5)
in which E(ZnqGe45) denotes the total energy of the host
framework with one Ge atom substituted by one Zn atom. The
atomic chemical potential for the substituted Zn atom is its
bulk hcp phase Znhcp2 while the atomic chemical potential for
the substituted Ge atom is the same as before (GeDia2 ). V ′
accounts for the core level alignment between E(ZnqGe45)
and E(Ge46).
The vacancy in the framework shows charge states of q =
0,1 − , . . . ,4− for μe values in the band gap [cf. Fig. 4(a)]. The
neutral vacancy formation energy Ef(0) |μe=VBM is signifi-
cantly positive, ∼ 2.9 eV, which, however, gets reduced when
the electronic vacancy states are occupied. The completely
charged vacancy formation energy Ef(4−) |μe=CBm is found
to be ∼ 0.38 eV [cf. Fig. 4(a)]. In contrast, the substituted
Zn atom has a charge state of q = 2− for all values of μe
varying in the band gap. In the p-type host, when μe is close to
VBM, Ef(Zn2−) |μe=VBM is also significantly positive 0.76 eV.
However, in an extremely n-type host, Ef(Zn2−) |μe=CBM
is lowered to ∼ −1.6 eV [cf. Fig. 4(b)]. Therefore, Zn
substitution is found to be energetically more favorable than
the formation of framework vacancy by ∼ 2.0 eV for all values
of μe. Moreover, two substituted Zn atoms can exactly balance
one completely charged vacancy electronically. Naturally,
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FIG. 5. (a) Computed number of carriers in the conduction band
in Ba8ZnxGe46−x−yy as a function of substituted Zn atoms x per
formula unit. (b) Change in the charge carriers n as a function of T
for compositions Ba8Ge433 (x = 0) and Ba8Zn6Ge40 (x = 6).
vacancies occur only in Zn-deficient conditions, and with the
increase in Zn concentration the number of vacancies in the
framework decreases.
Figure 5 summarizes the electronic structures of the lowest-
energy compositions as a function of x. The composition
Ba8Ge433 shows a metallic state with four electrons in
the conduction band. Since only 12 out of the 16 electrons
donated by the eight Ba guests are balanced by the three
framework vacancies, the surplus four electrons occupy the
states in the conduction band. The first two Zn substitutions
balance the surplus four electrons, leading to a semiconducting
state in Ba8Zn2Ge413 with a band gap of 0.01 (PBEsol)/0.1
(HSE06) eV. Beyond this, Zn substitutions only take place
at the expense of framework vacancies, which provides the
necessary electrons for its charging. Thus, the composition
Ba8Zn4Ge402 is also found to have a semiconducting state,
with a band gap of 0.03 (PBEsol)/0.21 (HSE06) eV, whereby
the two vacancies and four Zn atoms exactly balance the 16
electrons donated by Ba guests. The compositions at x = 1,3,5
are found to be metallic, since uncompensated electrons
remain following the relation y = 3.5 − x/2. At x = 8, the
electrons donated by the Ba guests are completely balanced by
the eight Zn atoms. Thus, Ba8Zn8Ge38 is a semiconductor with
a band gap of 0.15 (PBEsol)/0.54 (HSE06) eV. Subsequent
substitutions of Zn are found to be energetically less favorable,
since surplus electrons are not available for their charging.
For Zn substitutions beyond x = 8, the holes act as carriers,
whereby the further substituted Zn atom undergoes a p-type
doping. All Zn-substituted compositions show a tendency
towards complete balance of electronic charge [45], except
Ba8Zn6Ge40, which does not feature the additional framework
vacancy even though four surplus electrons are available.
The reason is traced from the stiffness analysis of the
phases discussed below. Therefore, on an electronic level, all
compositions are found to obey Zintl’s rule.
Finally, from the perspective of thermoelectric application
of these compositions it is very crucial to study the behavior of
the electronic charge carriers as a function of the temperature
T . For this purpose, we have calculated the T -induced
variations in the charge-carrier concentrations n [46] for
the thermodynamically stable most metallic compositions,
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FIG. 6. The second-order strain derivatives of the total energies
E as a function of uniaxial strain εx for crystals with equilibrium
volume V0.
viz., the vacancy-rich Ba8Ge433 (x = 0) and the Zn-rich
Ba8Zn6Ge40 (x = 6) as shown in Fig. 5(b). Ba8Ge433 shows
a bad metallic behavior, whereby n is found to be weakly
dependent on T . However, the slope n
T
is found to be about
four times higher in Ba8Zn6Ge40, suggesting a more metallic
trait. The high electron count and the higher T dependence
of the charge carriers in Ba8Zn6Ge40 are preliminary positive
signatures for its thermoelectric application.
Figure 6 shows the comparison of the second-order strain
derivative of the total energy E per unit volume 1V0
∂2E
∂εx 2
of the
isotropic (Ge46 and Ba8Zn6Ge40) and nonisotropic (Ba8Ge46,
Ba8Ge433, and Ba8Zn8Ge38) phases [47]. In the case of the
isotropic crystal, this is equivalent to the Young modulus (Y )
of the crystal, whereas in general it is an estimation of the
rigidity or stiffness. The empty clathrate cage Ge46 is found to
be stiffest of all the analyzed phases (Y = 108 GPa), whereby
filling of the cage with Ba guests leads to softening of the
crystal bonds. Consequently, Ba8Ge46 has a drastically low
stiffness of Y = 67 GPa (∼40% lower than that of Ge46). This
softening favors the formation of framework vacancies, by
means of which the surplus electrons donated by the guests are
balanced. Thus, the intrinsic strength of the crystal is increased
by ∼17%, leading to a stiffness of 78 GPa. The balance of
electronic charge also occurs upon substitution of the Zn atoms
in the framework. However, in this case, the intrinsic strength
of the crystal is found to be hardly affected (close to that of
Ge46), since the overall cage structure is retained upon Zn
substitution. The stiffness of the Ba8Zn6Ge40 and Ba8Zn8Ge38
phases are found to be very close in spite of the complete
balance of electrons occurring only in the latter case. This is
due to the crystal symmetry that is retained in Ba8Zn6Ge40,
which opposes the creation of the additional framework
vacancy required to balance the surplus electronic charge.
In summary, we have performed first-principles calcu-
lations to investigate the stoichiometries, thermodynamic
stabilities, and electronic structures of the Ba8ZnxGe46−x−yy
series. Our study confirms several experimental observations.
Formation of up to three vacancies is energetically favorable
for 0  x < 6, while vacancies are not favorable for x  6.
This resolves the conflicts on the exact relation between y
and x observed experimentally. We find y varies differently
as y = 4 − x/2 (in agreement with Kuhl et al. [19]) and
y = 3.5 − x/2 (roughly in agreement with Alleno et al. [24])
for the even and odd concentrations of x, respectively. The
formation of the neutral vacancy or the substitution of a
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neutral Zn atom is energetically unfavorable, but high energetic
gain occurs whenever the electronic vacancy states or the
electronic valence orbitals of Zn are occupied. Each  can
accommodate up to four electrons, while each substituted Zn
atom accommodates two electrons. Thus, two Zn substitutions
can exactly electronically balance the completely charged
vacancy and the process is found to be energetically favorable
by more than ∼2 eV per Zn substitution. Therefore, vacancies
only occur in Zn-deficient conditions. All compositions of
the Ba8ZnxGe46−x−yy series satisfy the Zintl condition.
All Zn-substituted compositions show a tendency towards
complete balance of the surplus electronic charge except
Ba8Zn6Ge40, which does not feature the additional vacancy in
spite of the availability of the four surplus electrons. This is due
to its isotropic symmetric structure that generates exceptional
intrinsic strength which impedes the additional vacancy forma-
tion. The charge carriers in Ba8Zn6Ge40 show high temperature
dependence as compared to those in bad metallic Ba8Ge433.
Thus, Ba8Zn6Ge40 shows positive behavior crucial for its
thermoelectric application.
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